MATH 363 Assignment 1 Solution

Assignment 1 solutions
1. (a) From what the inhabitants say, we have the following premises.

per
g p
r < (pAQq)

We claim that the only possible solution is (=p A q) A —r.

Proof.

1 peT premise
> @< P premise

3 T (pAq) premise

4 T assumption

5 (pAq) 3,4, special«»&
6 ¢ 5, ANE

7 TP 2,6, special«—~&
8 P 5, NE

9 F 7,8,-&

10 T 4—-9, -7

11 TP 1,10, special«=&
12 2,11, special—~&
13 pAQ 11,12, AT

wu (pAg)AN-r 10,13, AT

(b) From what the inhabitants say, we have the following premises.

q < (p < —p)

T < ¢

In this case, there are two possible solutions as show by the following truth table.

plag|r|eD) | qlge(pep)|rehg
TIF|T F T T T
F|F|T F T T T
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(c) From what the inhabitants say, we have the following premises.

pHﬁ(q\/T)
g« (pe)
T (2g N\ —T)

We claim that the only possible solution is (—p A ¢) A —r.
Proof.

1 p<>—(gVr) premise

> g (per) premise

3 T <> (mg A\ -r) premise

4 T assumption

5 g AT 3,4, special«—~&
6 T 5, NE

7 F 4,6,-&

g r—F 4—-7,—-7

9 T 8,1

w0 (g A ) 3,9, special«&
11 g assumption

12 g ANAT 9, 11,A\T

13 F 10,12, =&

1y —q—F 11-13, -7

15 Qg 14,-7

16 ¢ 15, =&

17 qVr 16, VT

18 pAq 16,18, A

9 (-pAg) AT 9,19, \T

2. (a) The propositional variables are
p: it is cloudy
q¢: I have my umbrella
r: it is raining
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Correction: There was an error in the solution. What we actually had to prove
was

p—(r—gq
p—q)—m—r)

In this case, the argument is invalid when p is true, ¢ is true and r is false.

I am leaving the following incorrect solution as an example of a proof using rules
of inference. It proves

p— (r—q)
(p—r)—{@—0q

The following proof shows that this argument is valid.

Proof.

1 p—(r—gq) premise

> (p—r) assumption
3 P assumption
4 T 2,3, —&

5 (r—2q) 1,3, =€

6 q 4,5, —&

7 P—( 3—6,—-7

s (p—r)—=(p—q) 2-7,-T

The propositional variables are
p:  n is prime
q: n+2is prime
r: n-+4is prime
so we have to prove
p—q
r—q
r—p

This argument is invalid. Indeed when p is false, ¢ is true and r is true, both
premises are true but the conclusion is false. That is, when n is not prime, n + 2
is prime and n + 4 is prime.

Note that the argument would be invalid even if there were no number n for which
n is not prime, n+2 is prime and n+4 is prime (since, for example, we are making
no assumptions about what the word “prime” means here).
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(c) The propositional variables are

p: I have an account
q¢: I know my password
r: I can log in
so we have to prove
p
(r—qVig—r)

Note that here the premise p does not appear in the conclusion. However, this
does not mean that the argument is invalid. Indeed, there are valid arguments
which need no premise at all and this happens to be one of them.

Here it happens to be useful if we could use a tautology of the form “PV —P”
(where we have many possible choices of P which could complete our proof, for
example P =1 or P = r — q). Of course, we cannot simply state P V =P just
because we “know” that it is a tautology. We have to prove it first. We give a
proof by contradiction in this special case.
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Proof.

Note that it was also possible to avoid proving PV —P first by taking the negation
of the conlusion as assumption, then showing that » — F which would allow us to

5

1P premise

2 —(rV-r) assumption
3 T assumption
4 TV 3,VZL

5 F 2,4,-&

6 r—F 3—5,—-1

7 T 6,7

8 rVVr A

9 F 2,8,~&

w —(rv-or)—F 2-9,-7
o rVor 10,7

12 T assumption
13 @ assumption
iy T 12

5 qQ—T 13 —-14, -7
6 (r—q)V(ig—r) 15,VZ

v r—=((r—=q¢V(g—r) 12-16,—-7
18 T assumption
19 T assumption
20 F 18,19, =&
21 @ 20,F&
22 T — (@ 19 -21,-7
23 (r—q)V(g—r) 22, VL

2 1= ((r—=qV(g—r) 18—-23, -7
25 (r—q)Vi(g—r) 11,17,24,VvE
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use —r in the second part of the proof. In that case, at the end, we would simply
use =& to get our conclusion.

3. (a) The propositional variables are

p:  the gostak distims the doches
q: the gostak is in the delcot

so we have to prove

b
(¢ —p)
Proof.
1P premise
2 q assumption
3 P 1

4 ¢q—p 2—-3,—-1

(b) The propositional variables are
p: there is a polynomial time algorithm for 3-SAT
q: there is a polynomial time algorithm for 3-colouring
so we have to prove
pP—4q
pVq
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Proof.

1 p—q premise

> =(-pVyq) assumption
3 D assumption
4 q 1,3,—¢&

5 pVg 4, VT

6 F 2,5,&

7 p—F 6, —71

8§ —p A

9 pVq 8, VL

0 F 2,9,-&

u ((-pVve) —-F) 2-10,—-7
12 —((-pVe) —F) 11,-7

13 (-pVeq —F 12, ==&

(c) The propositional variables are

so we have to prove

it is safe to silflay
there are hrair hombril outside
the hrududu is embleer

—q—p
q—
-r
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4.

Proof.

(a) The truth table is

—q — p premise

q — T  premise

-r premise

q assumption

r 2,4, =&

F 3,5,~&

q—F 4-6,-1

-q 77 -7

D 1,8, =&
pla|~(pArg)|(=pVy)
T|T F T
T|F T F
F|T T T
F|F T T

—pV gk -(pAq)
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Proof.

1 pV g premise

2 pAgq assumption
3 P assumption
4 D 2, \E

5 F 3,4,-&

6 —p—F 3—5,—71
7 g assumption
8 q 2, \E

9 F 7,8, &
w —q—F 7T—9, -7
n F 1,6,10, AE
12 (pANg) —F 2—-11,—-7
13 (pAQ) 12, -7

5. (a) Here is the proof by contradiction.
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I s
2 2
Claim: @ o exe }— —eo oXeo
X X X X
o o o o
[ ] [ J
Proof: 1 o o oxe premise
[ ] [ J
[ ] [ J
2 .
2 exe exe assumption
X X
[ ] [ J
oo ° I
2 X 2
3 eXe eXxe assumption 7 exe X ® i
7,711
X X X X
[ ] [ J [ ] [}
e o °
2 X ] 2 ]
4 exexexe 3,line2 8 ex Xe 8,linel
X X X X
[ ] [ J [ ] [ J
e o
X 2 X ] 9 IiI ]
5 exexexe 4,line2 ® X Xe 9,linel
X X X X
[ ] [ J [ ] [ J
5.numF F 10,numF
[ J [ J [ J [ J
2 x 2
O exexexe =F 3-67> | 10 exe eXe —=F 2-11= |
X X X X
[ J [ J [ J [ J
o o
2
11 e—e exe 12,7
X X
e o

(b) See the posted save file for full solution.

It should be noted that move 15 (x at v(2,1)) is deduced by contradiction. A line
there would lines at the bottom and right in the 2 diagonal to it followed by two
non-lines around the 2 diagonal to that 2.

A similar argument is used at move 35 (x at v(4,2)) where a line lead to lines
around the 2 to the upper right which leads to too many non-lines around the 3
in the upper right corners.

Note that after move 98, the upper right corner of the puzzles cannot be obtained
by inference since there are actually 4 possible solutions.
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6.

Theorem 1.
Ply---apkl_QjPh---’Pk):Q

Proof. Suppose there exists P, ..., Py, @ such that P,..., P, F Qbut P,..., P £ Q.
Choose P, ..., Py, @ with this property which minimizes the length of (the shortest)
proof of Py,..., P, F Q.

If @ is exactly P; for some ¢ then Py, ..., Py = @ since the columns for P; and @ are
exactly the same so whenever P is true, so is (). Contradiction to P, ..., Py = Q.
Otherwise, consider the last inference rule used in a shortest proof P of Py, ..., P, - Q.

We claim that Pj,..., P, E @ for any @ which is not boxed and not the last line
of the proof P. Indeed, otherwise, Py,..., P, £ Q' but Py,..., P, F @ and it has a
shorter proof (obtained by deleting some lines of P). This contradicts our choice of

P, P Q.

Suppose the last rule used in P is not AE. By the previous claim, whenever Py, ..., Py
are all true (in the truth table), P A @ is true (in the truth table) and the following
truth table shows that P is true whenever P A @ is true.

PAQ

NN
N T RO

o TN

Therefore, we have shown that Py, ..., P, | @ in this case. This is a contradiction to
our initial assumption. So the last rule used is not AE.

Similarly, the following truth tables show that the last rule used in P is not —Z.

PIQ|F|PAQ[P—Q|P = F|-P|—P
TITIF| T T F | F| T
T\ F|F| F F F |F| T
F|T|F| F T T | T| F
F|F|F| F T T | T| F
PIQIR[PVQ[P—-R|Q—R
TIT(T| T T T
TIF|T| T T T
FlT|T| T T T
FIF|T| F T T
TIT|F| T F F
TIF|F| T F T
F|IT|F| T T F
F|F|F| F T T

—_
—_
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Therefore, we have shown that the last rule must be —Z. This implies that there was
some box before the last line which started at some assumption A and arrived at some
conclusion C'.

We claim that Py, ..., Py, A = C. Notice that if we remove the box around A, move
the line containing A in P to the k + 1st line and take A as premise, all the steps
in our proof are still correct. Now if we remove the last line (which contains @), we
have obtained a proof of Py,..., P, A = C which is shorter than P. Therefore, if
Py, ..., P, A~ C, we have obtained a contradicts our choice of Py, ..., P.

Therefore, by looking at the truth table containing P, ..., Py, A, C, we see that when-

ever P, ..., P, A are true, C is true. So if we add a column A — C' to this table, it
will be true whenever Py, ..., P is true.

Therefore, we have shown that Pj,..., P, = @ in all cases. This is a contradiction to
our initial assumption. O
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